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THE PERFECT CONE COMPACTIFICATION OF
QUOTIENTS OF TYPE IV DOMAINS
LUCA GIOVENZANA
Abstract. The perfect cone compactification is a toroidal compactifi-
cation which can be defined for locally symmetric varieties. We show
that the perfect cone compactification of quotients of type IV domains
by the action of the stable orthogonal group has canonical singularities.
In particular we get that the perfect cone compactification of the mod-
uli space of polarised K3 surfaces with ADE singularities has canonical
singularities.
1. Introduction
In [10] Shepherd-Barron found a canonical model in the sense of the min-
imal model programme for the moduli space of principally polarised abelian
varieties of dimension g for g ≥ 12. Namely he showed that the perfect
cone (or 1st Voronoi) compactification Ag
p
has canonical singularities and
that its canonical bundle is ample. It is natural to ask whether a canonical
model can be found as well for quotients of type IV domains by the action
of an arithmetic group. The analogue of the perfect cone compactification
seems to be a good candidate. In our main result, Theorem 2.7, we take the
first step in this direction: we show that for quotients of type IV domains
of dimension at least 9 by the action of the stable orthogonal group, the
perfect cone compactification has canonical singularities; our result applies
both to the quotient stack given by the perfect cone compactification and to
the relative coarse moduli space. In section 2.3 we apply our result to show
that the perfect cone compactification of the moduli space of polarised K3
surfaces with ADE singularities has canonical singularities.
Acknowledgements
I would like to thank Prof. Klaus Hulek for many interesting discussions
and for sharing ideas and precious insights. A special thank to my advisor
Prof. Christian Lehn for his constant support, his true interest in the prob-
lem and his patience in reading previous versions of this paper. I am thankful
to Ben Bakker for comments on a previous version of this paper. Finally,
I thank my brother Franco for long discussions and useful comments. The
author was supported by the DFG through the research grant Le 3093/3-1.
2010 Mathematics Subject Classification. 14J10.
Key words and phrases. K3 surfaces, toroidal compactifications, perfect cones.
1
2 LUCA GIOVENZANA
2. Compactifications
Finding compactifications of locally symmetric varieties is a classical prob-
lem in geometry which has been extensively studied. We start by recalling
the construction of the Baily-Borel and of the toroidal compactifications with
the focus on the setting of our main theorem. Our main references are [2]
and [5].
2.1. Baily-Borel and toroidal compactifications. The Baily-Borel com-
pactification, as well as toroidal compactifications, is defined in general for
quotients of Hermitian symmetric spaces by the action of an arithmetic sub-
group of their automorphism group. We treat quotients of type IV domains.
Let L be an even lattice of signature (2, n) with n ≥ 1 and let
DL = {[x] ∈ P(L⊗C) | (x, x) = 0 (x, x¯) > 0}
+
(where “+” denotes a connected component) be the associated Hermitian
symmetric domain of type IV. Let O+(L) denote the subgroup of O(L)
preserving DL and let D
•
L denote the affine cone over DL. We consider
modular forms:
Definition 2.1. Let n ≥ 3, k ∈ Z, Γ < O+(L) be a subgroup of finite index
and χ : Γ → C∗ be a character. A holomorphic function F : D•L → C is
called a modular form of weight k and character χ for the group Γ if:
F (tZ) = t−kF (Z) ∀t ∈ C∗
F (gZ) = χ(g)F (Z) ∀g ∈ Γ
In the case n < 3 an analogous definition would not imply the holomor-
phicity of F at the boundary, for more details we refer to Definition 6.4 of
[5] and the following discussion. Let Mk(Γ, 1) denote the space of weight k
modular form with trivial character, the Baily-Borel compactification of the
quotient FL(Γ) := DL/Γ can be defined as:
DL/Γ
BB
:= Proj (⊕kMk(Γ, 1)) .
The Baily-Borel compactification is set-theoretically well understood, in-
deed the following holds:
Theorem 2.2. ([5] Theorem 5.5) The Baily-Borel compactification FL(Γ)
BB
decomposes as:
FL(Γ)
BB
= FL(Γ) ⊔
⊔
pi
Xpi ⊔
⊔
l
Ql
where l and π run through representatives of the finitely many Γ-orbits of
isotropic lines and isotropic planes in L ⊗ Q respectively. Each Xpi is a
modular curve, each Ql is a point, and Ql is contained in the closure of Xpi
if and only if the representatives may be chosen so that l ⊂ π.
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The curves Xpi and the points Ql are called cusps. We introduce now
toroidal compactifications. In comparison with the Baily-Borel compactifi-
cation they have the advantage that the boundary consists of a divisor; on
the other hand, they have the drawback of not being unique: they depend
on the choice of certain fans.
Let F be a cusp and f ⊆ L⊗Q an isotropic space in the Γ-orbit correspond-
ing to F . To every such f we associate the stabiliser group N(f) ⊆ O+(LR)
of the isotropic space f and the center of the unipotent radical U(f) ⊆ N(f).
The group U(f) has the structure of a vector space and U(f)∩Γ is a lattice
in it. For every such f we will consider in the next section an open convex
cone C(f) ⊆ U(f). Let C(f)
r
be the union of C(f) and the rational rays
lying in its closure. For every representative f of a cusp let Σ(f) be a fan
whose support is C(f)
r
⊆ U(f) and which carries an action of the group
N(f)Γ := N(f) ∩ Γ ⊆ O
+(L); we denote by XΣ(f) the associated toric va-
riety. The domain DL can be embedded in an ambient space D(f) and via
this embedding we consider the compactification DL/(U(f) ∩ Γ)Σ(f) of the
quotient DL/(U(f)∩ Γ) inside an XΣ(f)-fiber bundle over F (a toric variety
in the case F is a 0-dimensional cusp Ql). If such toric varieties are given by
a Γ-admissible collection of polyhedra Σ in the sense of Definition III.5.1 of
[2], their quotients by the induced action of Γ glue to give a compactification
of FL(Γ). In greater detail, let D˜L
Γ
= ⊔fDL/(U(f) ∩ Γ)Σ(f) denotes the
union of the partial compactifications defined by the admissible collection of
polyhedra Σ, where the union is taken over the set of all representatives f of
cusps. Then the toroidal compactification FL(Γ)
Σ
is the quotient of D˜L
Γ
by
a certain equivalence relation Λ induced by Γ. The definition and analysis
of the relation Λ is the subject of the section III.6 of [2]. Thanks to Theo-
rem Thm III.5.2 of [2] the quotient FL(Γ)
Σ
has the structure of a complex
algebraic space. Moreover, when the action of Γ is not free, in which case
Γ is not neat, there is an interpretation of the compactification FL(Γ)
Σ
as
the coarse moduli space of a quotient stack that we now explain. Given a
neat normal subgroup Γ′ E Γ of finite index and a Γ-admissible collection of
polyhedra Σ, then Σ is also Γ′-admissible. The finite group G := Γ/Γ′ acts
on FL(Γ′)
Σ
and FL(Γ)
Σ
can be identified with the coarse moduli space of
the quotient stack
[
FL(Γ′)
Σ
/G
]
which we denote
[
FL(Γ)
Σ
]
.
2.2. The perfect cone compactification. In this paragraph we introduce
the toroidal compactification that is the object of our main result, the perfect
cone compactification.
A cone in a real finite-dimensional vector space V is a set closed under
multiplication by positive scalar. Let C ⊆ V \ {0} be an open cone whose
closure does not contain any line, we denote by C
∗
⊆ V ∗ the linear forms
that are non-negative on C; we define the dual cone C∗ to be the interior of
C
∗
\{0}. We say that a cone is self-adjoint if there is a positive definite form
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on V whose induced isomorphism between V and V ∗ transforms C in C∗. A
self-adjoint cone is necessarily convex. We say that C is homogeneous if the
group of automorphisms of V preserving the cone C acts transitively on C.
Assume now that V ≃ L⊗R for a lattice L, in particular V has a rational
structure. Let G be an arithmetic subgroup of the group of automorphisms of
V fixing the cone C. Recall that a rational polyhedral cone σ ⊆ V is a convex
set of the form σ = R≥0v1+R≥0v2+ ...+R≥0vn for vectors v1, ..., vn ∈ L⊗Q.
Defining a toroidal compactification reduces to the problem of finding fans
for certain homogeneous cones C with an action of G which are G-admissible
polyhedral decomposition in the sense of the following
Definition 2.3. A G-admissible polyhedral decomposition for the cone C
is a family S = {σα} of rational polyhedral cones σα ⊆ C such that:
• the family S is closed under taking faces, i.e. for every σα ∈ S, every
face of σα is a cone in S;
• for every pair of cones σα, σβ ∈ S the intersection is a face of both;
• the group G acts on S, i.e. for every element g ∈ G and for every
cone σα ∈ S, gσα is a cone in S;
• the family S is finite modulo the action of the group G;
• C = ∪α(σα ∩ C);
Finally we recall Corollary II.5.23 of [2]
Corollary 2.4. Taking cones over the faces of the closed convex hull of
C ∩ L \ {0} yields a G-admissible polyhedral decomposition of C.
Definition 2.5. We refer to this decomposition as the perfect cone decom-
position Σp.
We define in the following the perfect cone compactification of FL(Γ).
Thanks to Lemma 2.25 of [4] for every 1 dimensional cuspXpi the vector space
U(π) has dimension 1, therefore the definition of a toroidal compactification
does not involve choices for the fans in C(π).
The definition of a toroidal compactification for FL(Γ) then boils down
to choosing a N(l)Γ-admissible decomposition of C(l) for every Γ-orbit of
isotropic vectors l ∈ L. We come to the following
Definition 2.6. The perfect cone compactification FL(Γ)
p
is the toroidal
compactification corresponding to the Γ-admissible collection of polyhedra
Σp consisting of the perfect cone decomposition Σp(l) of C(l) for every cusp
Ql of FL(Γ)
BB
.
Our main result concerns the quotient of DL by the action of the stable
orthogonal subgroup
O˜+(L) := ker
(
O+(L)→ O(L∨/L)
)
.
Theorem 2.7. Let L be an even lattice of signature (2, n) with n ≥ 9,
then the perfect compactification FL(O˜+(L))
p
defined above has canonical
singularities.
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Proof. The interior FL(O˜
+(L)) has canonical singularities thanks to Corol-
lary 2.16 of [4].
Thanks to Theorem 3.4 toric varieties coming from the fan Σp have canon-
ical singularities. In order to treat singularities of the toroidal compactifi-
cation FL(O˜+(L))
p
we need to take into account the presence of non trivial
stabilisers.
Toroidal compactifications of FL(O˜
+(L)) over dimension 1 cusps have
canonical singularities when n ≥ 9 thanks to Corollary 2.31 of [4].
We are left to treat 0-cusps. As explained in Appendix A of [8], given
a 1-dimensional isotropic subspace f ∈ L ⊗ Q there exists a tube domain
realisation of DL such that the toroidal compactification FL(O˜+(L))
p
over
the relative 0-cusp is locally isomorphic to the quotient Xσ/G where:
• σ is a cone in Σp(f);
• T →֒ Xσ is the toric variety associated to the cone σ;
• G ≤Aut(T ) is a finite group acting on Xσ.
The claim now directly follows from Theorem 3.4 and Proposition 4.1. 
We record the following corollary without proof from the proof of Theorem
2.7, which might be interesting in its own right.
Corollary 2.8. The stack
[
FL(O˜+(L))
p]
has canonical singularities.
2.3. The moduli space of polarised K3 surfaces with ADE singular-
ities. We recall here the construction of the moduli space of polarised K3
surfaces with ADE singularities and explain how Theorem 2.7 can be applied
to it.
A complex K3 surface is a compact connected complex manifold of dimen-
sion 2 such that
Ω2X
∼= OX and H
1(X,OX ) = 0.
The group H2(X,Z) equipped with the intersection form is an even uni-
modular lattice of rank 22 of signature (3, 19) isomorphic to ΛK3 := U
⊕3 ⊕
E⊕28 (−1) where U is the hyperbolic lattice and E8 is the positive definite
lattice associated to the E8 Dynkin diagram (see Proposition 1.3.5 of [6]).
Let L be a line bundle on a K3 surface X. Recall that L is big and nef
if and only if (L.C) ≥ 0 for all closed curves C ⊂ X, and L2 > 0 (see
for example Proposition 2.61 of [7]). A quasi-polarised K3 surface is a pair
(X,L) where X is a K3 surface and L is a primitive big and nef line bundle
on it.
After we fixed an isomorphism of lattices ϕ : H2(X,Z)
∼
→ ΛK3, a polari-
sation of degree 2d (i.e. L2 = 2d) gives an element h = ϕ([L]) ∈ ΛK3 whose
orthogonal complement h⊥ is isomorphic to Λ2d := U
⊕2⊕E⊕28 (−1)⊕〈−2d〉.
We consider the period domain:
D2d := {x ∈ P(Λ2d ⊗ C)| (x, x) = 0 and (x, x¯) > 0}
+
where the sign “+” denotes a connected component.
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Denote by
O(ΛK3, h) := {g ∈ O(ΛK3)|g(h) = h} ≤ O(ΛK3)
the subgroup of automorphisms of ΛK3 fixing h. The coarse moduli space of
quasi-polarised K3 surfaces F2d is given by the quotient of D2d by the action
of O˜+(Λ2d), i.e. the finite index subgroup of O(ΛK3, h) fixing the connected
component D2d.
The disadvantage of working with the moduli functor of quasi-polarised
K3 surfaces is that it is not separated; therefore it is more convenient to treat
the moduli functor of polarised K3 surfaces with ADE singularities, which
is separated and whose coarse moduli space can be identified with F2d (for
more details see Section 5.1.4 and Remark 6.4.5 of [6])
The quotient F2d is a quasi-projective variety of dimension 19. We can
state the following:
Theorem 2.9. The perfect cone compactification of F2d has canonical sin-
gularities.
Proof. Thanks to Corollary 1.5.2 of [9], there is an isomorphism O(ΛK3, h) ≃
O˜(Λ2d). The claim now follows by direct application of Theorem 2.7 
3. Canonical singularities for toric varieties
In this section we study the singularities of the toric varieties associated to
the perfect cone decomposition. We review firstly the definition of canonical
singularities and we recall a characterisation of canonical singularities for
toric varieties that will be used in our exposition.
Definition 3.1. We say that a normal Q-Gorenstein variety X over C has
canonical singularities if and only if there exists a proper birational morphism
f : X ′ → X with a smooth variety X ′ such that:
KX′ = f
∗KX +
∑
i∈I
aiEi
with ai ∈ Q≥0 where {Ei}i∈I is the set of irreducible prime divisors lying in
the exceptional locus of f .
Toric varieties with canonical singularities can be characterised in terms
of the cones defining them; we recall a useful criterion that we use in what
follows.
Let N ≃ Zn be a finitely generated free abelian group and let TN be the
associated torus whose lattice of 1-parameter subgroups is given by N ; we
denote by M the lattice of characters of TN and by 〈 , 〉 : M × N → Z the
natural pairing. Let σ ⊂ N ⊗ R be a rational convex polyhedral cone and
let Uσ be the associated affine toric variety. If ρ ∈ σ(1) is a ray, we denote
by uρ the unique non-trivial primitive vector in ρ ∩ N . We consider the
polytope Πσ :=convex-hull({0} ∪ {uρ|ρ ∈ σ(1)}) ⊂ N ⊗ R. We recall the
characterisation given in Prop 11.4.12 of [3]:
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Proposition 3.2. With the above notation,
• the following are equivalent:
– the variety Uσ is Q-Gorenstein;
– there exists an m ∈M ⊗Q such that ∀ρ ∈ σ(1) 〈m,uρ〉 = 1;
– the polytope Πσ has a unique facet F not containing the origin.
• If the variety Uσ is Q-Gorenstein, then the variety Uσ has terminal
singularities if and only if the only non-zero lattice points of Πσ lie in
the facet not containing the origin (or, more concisely, Πσ∩N \{0} ⊂
F ∩N).
Remark 3.3. If Σ = {σα}α is a fan and XΣ is the associated toric variety,
then XΣ has canonical (or terminal) singularities if and only if for every cone
σ ∈ Σ the variety Uσ has canonical singularities.
We can further restrict ourselves to consider only maximal cones, in the
sense that the variety XΣ is Q-Gorenstein (respectively has canonical sin-
gularities) if and only if for every maximal cone σ ∈ Σ the variety Uσ is
Q-Gorenstein (respectively has canonical singularities).
We focus now on the toric varieties appearing in the definiton of the perfect
cone compactification. Let L ≃ Zn be a free abelian group and C ⊂ L ⊗ R
an open convex cone that is self-adjoint. We consider the set Kp=convex-
hull(C ∩ L \ {0}) and we denote by Σp the fan given by taking cones over
the faces of Kp and the trivial cone, that is:
Σp = {σ ⊂ LR cone | there is a face F ⊂ Kp such that σ = R≥0F}.
Theorem 3.4. The toric variety XΣp associated to the fan Σp is Q-Gorenstein
and has canonical singularities.
Proof. Thanks to Remark 3.3, in order to prove the theorem it is enough
to show that for every σ ∈ (Σp)max the variety Uσ is Q-Gorenstein and has
canonical singularities. Let σ be such a cone so that there exists a facet F
of Kp such that σ = R≥0F . Let H denote the supporting hyperplane of F ,
i.e. F = H ∩Kp, and H
+ the closed halfspace containing Kp; since F is of
maximal dimension the origin does not lie on H, but it is in the interior of
the closed halfspace H−. Recall the definition of the polytope Πσ :=convex-
hull({0} ∪ {uρ|ρ ∈ σ(1)}) and let v ∈ L ∩ Πσ = L ∩ σ ∩ H
−; there exists
an n ∈ N such that nv ∈ Kp ⊆ C. Since C is a cone it follows that v ∈ C;
therefore v ∈ L∩C∩Kp ⊆ H
+. We conclude that v ∈ Kp∩H
−∩H+ = F and
thanks to 3.2 that Uσ is Q-Gorenstein and has canonical singularities. 
4. Quotients of toric varieties
In this section we analyse quotients of toric varieties with canonical sin-
gularities by the action of finite groups.
Proposition 4.1. Let T be a torus with associated 1-parameter subgroup
lattice N . Let T →֒ X be a toric variety with an action of a finite group
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G < GL(N). Assume that X and T/G have canonical singularities, then
X/G has canonical singularities.
This proposition is a generalisation of both Theorem 2.17 in [4] and Propo-
sition 1.4 in [1], here we prove something more: we consider the action of
groups possibly with pseudo-reflections on varieties with canonical singular-
ities. We notice that Theorem A.9 in [8] goes in another direction: there
the finite group is assumed to be in GL(N) ⋉ T , while the toric variety is
assumed to be smooth.
Proof. Thanks to Lemma 4.4 below, we may assume that the variety X
is smooth. The proposition now follows from Theorem 2.17 of [4] or from
Theorem A.9 of [8]. 
We split the proof of the reduction step in several lemmata; the first one
is Lemma 2.20 from [4], we include a proof to highlight the fact that the
assumption of smoothness is not necessary.
Lemma 4.2. Let N be a free abelian group and Σ a fan of strongly convex
rational polyhedral cones contained in NR; let T ⊆ XΣ be the corresponding
toric variety. Let M denote the dual of N and let G ≤GL(M) be a finite
group acting on the variety XΣ. Let D be a divisor which is pointwise fixed
by a nontrivial element 1 6= g ∈ G, then D is not a torus-invariant divisor,
in particular D ∩ T 6= ∅.
Proof. Looking for a contradiction, we assume that D lies in the boundary.
We can identify the torus T with the group homomorphisms T =Hom(M,C∗)
∼= N⊗C∗ andD corresponds to a 1-dimensional cone in Σ, say ρ; in particular
D = (O(ρ)) where O(ρ) = {u : ρ⊥ ∩ M → C∗|u group homomorphism}
is a torus orbit. From the hypothesis it follows that g acts trivially on
ρ⊥ ∩ M ∼= Nρ∩N . Therefore we get the following short exact sequence of
〈g〉-equivariant group morphisms:
0→ Z(ρ ∩N)→ N →
N
ρ ∩N
→ 0.
The action of g on Z(ρ ∩ N) can be just ±id; nonetheless, since g acts on
O(ρ), it acts on the toric affine variety Uρ associated to the cone ρ, hence g
acts as the identity on Z(ρ∩N). It follows that g acts as the identity on N ,
which is in contradiction with the hypothesis, hence we get the claim. 
The second lemma concerns the ramification divisor of a finite morphism
between non-regular varieties.
Lemma 4.3. Let X a normal Q-Gorenstein variety with canonical singular-
ities, and let G be a finite group acting on it. If we denote by b : X → X/G
the quotient morphism, then there is an effective Q-Cartier divisor D of X
for which the following holds: KX = b
∗KX/G +D.
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Proof. Let U be the open set defined as U := Xreg ∩ f−1((X/G)reg) and
denote by g the restriction of f to U ; by normality of X and finiteness of f ,
codim(X \ U) ≥ 2.
We consider the morphism of invertible sheaves g¯ : g∗ω(X/G)reg → ωU
induced by g; it is either injective or trivial. Since g is étale on a nonempty
open subset of U , g¯ is generically injective, therefore injective.
Denote by Q the quotient sheaf and consider the relative short exact
sequence tensored with ω−1U :
0→ g∗ωX/G ⊗ ω
−1
U → OU → Q⊗ ω
−1
U → 0.
This shows that Q ⊗ ω−1U is the structure sheaf of an effective divisor D of
U . Taking Chern characters, we get:
1 = ch(OX) = ch(g
∗ωX/G ⊗ ω
−1
U ) + ch(ω
−1
U ⊗Q)
= 1 + g∗K(X/G)reg −KU +D + higher order terms
where by higher order terms we mean cycles of codimension bigger than 1.
Comparing the divisorial terms we get the equality KU = g
∗K(X/G)reg +D.
Written in terms of invertible sheaves this read: ωU = g
∗ω(X/G)reg ⊗
O(D); taking the push-forward along the inclusion ι : U →֒ X, we get
ωX = f
∗ωX/G ⊗ O(D) where ωX = ι∗ωU and f
∗ωX/G = ι∗g
∗ω(X/G)reg by
Lemma 8.0.1 of [3] and D denotes the sum of the closure of the irreducible
components of D in X. This shows the claim. 
Lemma 4.4. Let T,G,X be as in Proposition 4.1, let ϕ : X˜ → X be a G⋉T -
equivariant resolution of singularities (in particular ϕ is a toric morphism),
then:
if X˜/G has canonical singularities, then X/G has canonical singularities.
Proof. We consider the following diagram:
X˜
ϕ
//
a

X
b

Z
g
// X˜/G
h
// X/G
where g is a resolution of singularities. We denote by f the compos-
ite morphism f = hg and we write KZ = g
∗KX˜/G + ΣjγjGj and KZ =
f∗KX/G +
∑
i ρiEi for coefficients γj , ρi ∈ Q and sets of prime divisors
{Gj}j , {Ei}i lying in the exceptional locus of g and f respectively. The
claim can be rephrased as follows: from γj ≥ 0 it follows ρi ≥ 0.
We have the following equalities:
• ϕ∗KX = KX˜−
∑
i∈I ciFi where {Fi}i∈I is the set of irreducible prime
divisors of the exceptional locus of ϕ. Since X˜ is smooth and X has
canonical singularities ci ≥ 0. Moreover, since ϕT is an isomorphism
the divisors Fi are torus-invariant, i.e. Fi ∩ T = ∅;
• a∗KX˜/G = KX˜ −
∑
aiT˜i where ai ≥ 0 by 4.3 and T˜i ∩ T ⊆ T˜i is a
dense open set by 4.2;
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• b∗KX˜/G = KX˜ −
∑
biTi where bi ≥ 0 by 4.3 and Ti ∩ T ⊆ Ti is a
dense open set by 4.2;
• h∗KX/G = KX˜/G−
∑
dkF˜k where the support of every F˜k lies outside
a(T ) since ϕ is an isomorphism when restricted to the torus.
By the commutativity of the square, we have:
KX˜ −
∑
ciFi − ϕ
∗
∑
biTi = ϕ
∗b∗KX/G
= a∗h∗KX/G = KX˜ −
∑
aiT˜i − a
∗
∑
dkF˜k.
Since ϕ is an isomorphism when restricted to the torus we have:
ϕ∗Ti = T˜j(i) +
∑
riFi
for positive coefficients ri. It follows that dk ≥ 0.
Finally we can write:
KZ = g
∗KX˜/G +
∑
γjGj
= g∗(h∗KX/G +
∑
dkF˜k) +
∑
γjGj
= f∗KX/G + g
∗
(∑
dk(F˜k)
)
+
∑
γjGj
and the claim follows from the positivity of the dk and of the γj. 
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